Motivated by recent experiments we derive an exact expression for the correlation function entering the three-body recombination rate for a one-dimensional gas of interacting bosons. The answer, given in terms of two thermodynamic parameters of the Lieb-Liniger model, is valid for all values of the dimensionless coupling ␥ and contains the previously known results for the Bogoliubov and Tonks-Girardeau regimes as limiting cases. We also investigate finite-size effects by calculating the correlation function for small systems of three, four, five, and six particles. Quantum fluctuations are well known to have a profound influence on the physics of one-dimensional ͑1D͒ systems. Due to quantum fluctuations, a 1D gas of weakly interacting bosons does not exhibit true long-range order and hence does not undergo Bose-Einstein condensation at any temperature. With increasing repulsion between the bosons, the gas exhibits a smooth crossover to the strong coupling regime, where the correlations in the positions of the particles endow it with fermionlike thermodynamic properties. A strong repulsion between the bosons also has a marked effect on the local correlation properties. In this Rapid Communication we shall focus on a three-body correlation function, which is directly related to the lifetime of a Bose gas unstable with respect to three-body recombination processes. This function has been studied in a recent experiment, where measurements of the three-body recombination rate for trapped atoms were performed ͓1͔.
Quantum fluctuations are well known to have a profound influence on the physics of one-dimensional ͑1D͒ systems. Due to quantum fluctuations, a 1D gas of weakly interacting bosons does not exhibit true long-range order and hence does not undergo Bose-Einstein condensation at any temperature. With increasing repulsion between the bosons, the gas exhibits a smooth crossover to the strong coupling regime, where the correlations in the positions of the particles endow it with fermionlike thermodynamic properties. A strong repulsion between the bosons also has a marked effect on the local correlation properties. In this Rapid Communication we shall focus on a three-body correlation function, which is directly related to the lifetime of a Bose gas unstable with respect to three-body recombination processes. This function has been studied in a recent experiment, where measurements of the three-body recombination rate for trapped atoms were performed ͓1͔.
The idea of using three-body recombination for a measurement of local correlations was originally put forward by Kagan et al. ͓2͔ . These authors showed that the lowtemperature recombination rate for a 3D Bose gas is proportional to the local three-body correlation function g 3 defined by the ground-state expectation value
Here n ͑r͒ = ⌿ † ͑r͒⌿ ͑r͒ is the particle density operator, ⌿ † ͑⌿ ͒ denote boson creation ͑annihilation͒ operators, and the symbol : : stands for normal ordering. It was noted that, due to the factor-of-six suppression of g 3 in a BoseEinstein condensate at zero temperature as compared to the noncondensed Bose gas, three-body recombination can be used as a diagnostic tool for distinguishing between the condensed and the noncondensed phases. This was later confirmed experimentally ͓3͔.
In the experiment of Ref. ͓1͔ the recombination process was used for the investigation of three-body correlations in a 1D Bose gas. A magnetically trapped Bose-Einstein condensate of 87 Rb atoms was loaded into a deep 2D optical lattice, by which the condensate was divided into an array of independent 1D systems. In the case of 87 Rb, two-body losses are very small, and it was possible to model the decay in time of the number of trapped atoms in terms of one-body and threebody processes only. The analysis of Ref. ͓1͔ was based on the following differential equation:
Here n is an average one-dimensional density and the parameter ␥ is the dimensionless coupling strength, given within the Lieb-Liniger ͑LL͒ model by Eq. ͑5͒ below. The inhomogeneity of the density distribution in both the transverse and longitudinal direction is encoded in the parameter ␣͑t , ␥͒, for which an analytic expression was given, within the ThomasFermi approximation in Ref.
͓1͔. The one-body parameter K 1 ͑␥͒ gives the escape rate of atoms; it does not depend on time. Assuming that g 3 ͑␥ , N͒Ӎg 3 ͑␥ , ϱ ͒ during the course of the measurements, the value of g 3 ͑␥ , ϱ ͒ was extracted for a particular value of ␥ ͑Ϸ0.5͒. The main result of Ref. ͓1͔ was the observation of a strong suppression of g 3 as compared to the value n 3 expected in the BEC picture. This was interpreted as a direct manifestation of strong correlations present in the system due to the reduced dimensionality.
Motivated by the experimental findings of Ref. ͓1͔ we calculate g 3 for a 1D Bose gas. Our treatment is based on the Lieb-Liniger model ͓4͔. In the thermodynamic limit, where the particle number N and the size of the system L tend to infinity while the density n remains constant,
an expression for g 3 has so far been known only for small and large values of ␥ ͓5͔. Here we report an explicit expression for g 3 , valid for all ␥. The derivation employs an integrable lattice regularization of the LL model ͓6,7͔ together with conformal field theory. The calculations are quite involved and will be presented elsewhere ͓8͔. The answer is given by Eq. ͑17͒ in terms of two thermodynamic parameters of the LL model: the second-and fourth-order moments, Eq. ͑16͒, of the quasimomentum distribution function, satisfying the linear integral equation ͑14͒. Within the LL model, the Hamiltonian for N identical bosons of mass m is taken to be
The interaction constant c Ն 0 has the dimension of inverse length. The dimensionless coupling strength ␥ is given by
The LL model allows for an exact determination of the eigenfunctions and eigenvalues of H. 
where P is a permutation of N numbers and ͓P͔ is the parity of the permutation. The allowed values of the quasimomenta k j are determined by the boundary conditions imposed on the system. For periodic boundary conditions ͑that is, for N particles placed on a ring of circumference L͒, k j are solutions to the following system of coupled nonlinear equations ͑called the Bethe equations͒,
The calculation of the normalization constant C in Eq. ͑6͒ is a nontrivial task. For periodic boundary conditions a closed expression for C was suggested by Gaudin ͑see Ref. 
where dX = dx 4¯d x N and ⌿ is given by Eq. ͑6͒. Note that the average ͗¯͘ in Eq. ͑1͒ is taken over the ground state of the system; equivalently, it is the ground-state wave function which enters Eq. ͑8͒. This is ensured by selecting the proper set of the quasimomenta k j among all the solutions of the Bethe equations ͑7͒. We begin our analysis with calculating g 3 ͑␥ , N͒ for a small number of particles. For this we use the first-quantized representation ͑8͒. We give an analytic answer for N = 3 and perform a numerical computation for N = 4, 5, and 6. The quasimomenta in the ground state of the system with N =3 obey k 1 =−k 3 and k 2 = 0. It is convenient to write the Bethe equation for k 1 in the form = 2 − 2 arctan͑/3␥͒ − 2 arctan͑2/3␥͒, ͑9͒
where we have introduced ϵ k 1 L and the principal branch for arctangent has been chosen: − /2Յ arctan͑x͒ Յ / 2. The solution to this transcendental equation grows monotonically from Ӎ 3 ͱ ␥ for ␥ 1 to Ӎ 2 −4 / ␥ for ␥ 1. The resulting answer for g 3 ͑␥ ,3͒ =6͉ ⌿͑0,0,0͉͒ 2 is
where A =3␥ / ͑9␥ 2 + 2 ͒ and B =3␥ / ͑9␥ 2 +4 2 ͒. The ratio g 3 ͑␥ ,3͒ / n 3 is plotted in Fig. 1 . It decreases monotonously with increasing ␥, from 2/9−29␥ / 108 for ␥ 1 to 2 10 6 /3 7 ␥ 6 for ␥ 1. In Fig. 1 we also plot g 3 ͑␥ , N͒ / n 3 calculated for N = 4, 5, and 6. Note that the slope of the plot at the origin ͑␥ =0͒ increases with an increasing number of particles, which is consistent with the prediction of the Bogoliubov theory for infinite N ͓5͔:
͑11͒
Next, we analyze the convergence of the finite N results to the thermodynamic limit. This can be done in the Bogoliubov ͑␥ → 0͒ and the Tonks-Girardeau ͑␥ → ϱ ͒ regimes. All quasimomenta k j are equal to zero for the non-interacting system, ␥ = 0, and the wave function ͑6͒ is uniform in space,
The large ␥ asymptotics of g 3 can be found for arbitrary values of N by a generalization of the infinite N result given in Eq. ͑16͒ of Ref. ͓5͔:
Equations ͑12͒ and ͑13͒ can be used to estimate the relevance of the few-particle calculations to the experiment ͓1͔, where N Ϸ 200. The finite N corrections calculated from Eq. ͑12͒ are Ϸ45% for N = 6 and Ϸ0.01% for N = 200; Eq. ͑13͒ gives the corrections Ϸ16% for N = 6 and Ϸ0.01% for N = 200. It is therefore clear that the experiment should be described by the thermodynamic limit of the model. This limit is not reachable numerically for g 3 ͑␥ , N͒ because the complexity of the computation increases superexponentially with N. We now present our main result: the exact expression for the three-body correlation function g 3 ͑␥ , ϱ ͒ in the thermodynamic limit ͑3͒ of the Lieb-Liniger model ͑4͒. The system of Bethe equations ͑7͒ reduces in this limit to the linear integral equation for the quasimomentum distribution function ͑k͒,
where ␣ is an implicit function of ␥:
Introduce the moments ⑀ m of the quasimomentum distribution
Then the exact expression for g 3 ͑␥ , ϱ ͒ is given by
where ⑀ m Ј is the derivative of ⑀ m with respect to ␥.
Equations ͑14͒-͑17͒ form a closed set of equations determining g 3 ͑␥ , ϱ ͒. We plot the result in Figs. 1 and 2 . For a numerical solution of the integral equation ͑14͒ we have used the MATHEMATICA package NISOLVE ͓12͔. In Fig. 1 we compare the normalized function g 3 ͑␥ , ϱ ͒ / n 3 with that calculated for N = 3, 4, 5, and 6. One can see that the convergence to the thermodynamic limit is quite slow. In Fig. 2 we compare g 3 ͑␥ , ϱ ͒ / n 3 with the experimental data from Ref. ͓1͔. The average value of ␥, measured in Ref. ͓1͔, ␥ m Ϸ 0.45, and the corresponding value of g 3 ͑␥ m , ϱ ͒ / n 3 Ϸ 0.14 are shown as the dot inside the box which represents the experimental uncertainty according to Ref. ͓1͔: 0.34Ͻ ␥ m Ͻ 0.65 and 0.05Ͻ g 3 ͑␥ m , ϱ ͒ / n 3 Ͻ 0.23. The dashed lines show the asymptotic expressions given in Eqs. ͑11͒ and ͑13͒ for small and large ␥, respectively. Evidently, the asymptotic expressions do not work in the experimental region, and the exact expression ͑17͒ is needed. Equation ͑17͒ gives g 3 ͑␥ , ϱ ͒ / n 3 Ӎ 16 6 /15␥ 6 when ␥ → ϱ, thus reproducing the asymptotic expression Eq. ͑13͒ taken at N = ϱ. To check this is a straightforward task since Eq. ͑14͒ admits a regular perturbative expansion with 1 / ␣ being a small parameter. The opposite limit, ␥ → 0, of Eq. ͑17͒ is much more difficult to analyze since the kernel in Eq. ͑14͒ becomes singular when ␣ → 0. Beyond the leading order, the results were obtained only recently ͓13͔,
where f͑k͒ is written explicitly in Ref. The relative error of this approximation does not exceed 2 ϫ 10 −3 for all values of ␥ in the interval 0 Յ ␥ Յ 30, which we expect to be experimentally relevant. Note that even at ␥ = 30 the asymptotic expression ͑13͒ is not reliable; it is nearly a factor of two larger than the exact result ͑17͒.
The formal derivation of Eq. ͑17͒ is quite lengthy and will be given elsewhere ͓8͔. Here we shall only summarize the main steps: We are interested in the thermodynamic limit of the model, defined by Eq. ͑3͒. In this limit it is natural to use a field-theoretical approach rather than the first-quantized formalism we employed for the few-particle systems. The Lieb-Liniger model is completely integrable. In the fieldtheoretical language, complete integrability implies the existence of an infinite family of conserved currents J n , n =0,1,2,.... The integrals over space of these conserved currents commute with each other. There is thus an infinite set of mutually commuting operators J n , n =0,1,2,..., for which the eigenfunctions and the spectrum are known exactly. A procedure for generating J n is discussed, for example, in Ref. ͓9͔. The first three currents generated by this method are J 0 = N, J 1 = P, and J 2 = H, where N, P, and H are the number density of particles, the momentum density, and the Hamiltonian density, respectively. These three currents exist for nonintegrable models as well, while the currents J n for n Ͼ 2 are specific to the LL model. To illustrate our approach we give the classical expression for the current J 4 ͑its quantization will be discussed in the next paragraph͒:
The quantum version of the last term in Eq. ͑22͒ is   FIG. 2 . Double-logarithmic plot of the three-body correlation function g 3 ͑␥ , ϱ ͒ / n 3 as a function of ␥ ͑full line͒. The dashed lines indicate the asymptotic results ͓5͔ given in Eqs. ͑11͒ and ͑13͒ for small and large ␥, respectively. The measured value is shown as the dot inside a box indicating the experimental uncertainty ͓1͔.
